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Abstract. The affine Weyl groups with their corresponding four types of orbit functions are
considered. Two independent admissible shifts, which preserve the symmetries of the weight
and the dual weight lattices, are classified. Finite subsets of the shifted weight and the shifted
dual weight lattices, which serve as a sampling grid and a set of labels of the orbit functions,
respectively, are introduced. The complete sets of discretely orthogonal orbit functions over
the sampling grids are found and the corresponding discrete Fourier transforms are formulated.
The eight standard one-dimensional discrete cosine and sine transforms form special cases of the
presented transforms.
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1. Introduction
This paper aims to extend the results of the discrete Fourier calculus of orbit functions [11,13]. These
four types of orbit functions are induced by the affine Weyl groups of the compact simple Lie groups.
Firstly, notions of an admissible shift and an admissible dual shift are introduced and classified. Then
two finite subsets of the shifted dual weight lattice and of the shifted weight lattice are introduced
— the first set serves as a sampling grid and the second as a complete set of labels of the discretely
orthogonal orbit functions.
The four types of orbit functions are a generalization of the standard symmetric and antisymmetric
orbit sums [3]. They can also be viewed as multidimensional generalizations of one-dimensional cosine
and sine functions with the symmetry and periodicity determined by the affine Weyl groups [15]. Indeed,
for the case of rank one are the standard cosine and sine functions special cases of orbit functions. For a
detailed review of the properties of the symmetric and antisymmetric orbit functions see [18,20] and the
references therein. This paper focuses on discrete Fourier transforms of the orbit functions [11,13,23].
For the case of rank one, the discrete Fourier transforms from [13] become one-dimensional discrete
cosine and sine transforms known as DCT–I and DST–I [5]. The two transforms DCT–I and DST–I
constitute only a part of the collection of one-dimensional cosine and sine transforms. The other six
most ubiquitous transforms DCT–II, DCT–III, DCT–IV and DST–II, DST–III, DST–IV are obtained
by imposing different boundary conditions on the corresponding difference equations [5]. The crucial
fact is that the resulting grids and the resulting labels of the functions are shifted from their original
position depending on the given boundary conditions while preserving their symmetry. This observation
serves as a starting point for deriving and generalizing these transforms in the present paper. Besides the
standard multidimensional Cartesian product generalizations of DCT’s and DST’s, other approaches,
which also develop multidimensional analogues of the four types of sine and cosine transforms, are based
on antisymmetric and symmetric trigonometric functions.
The (anti)symmetric cosine and sine functions are introduced in [19] and are directly connected
to the four types of orbit functions of the series of the root systems Bn and Cn — see for instance
the three-dimensional relations in [9]. These functions arise as Cartesian products of one-dimensional
trigonometric functions which are symmetrized with respect to the permutation group Sn. Four types
of generalized cosine and sine transforms of both symmetric and antisymmetric types are formulated
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in [19] and detailed for two-variable functions in [10,12]. This approach, however, relies on the validity of
the one-dimensional DCT’s and DST’s and obtained multidimensional shifted discrete grids are subsets
of the Cartesian product grids, used in the standard multidimensional version of DCT’s and DST’s.
This paper uses a different approach — generalized DCT’s and DST’s are derived independently on
their one-dimensional versions and the resulting grids are not subsets of Cartesian product grids.
The physical motivation of this work stems from widespread use of various types of one-dimensional
and multidimensional DCT’s and DST’s. A textbook case of using one-dimensional DCT’s and DST’s is
description of modes of a beaded string where the type of the transform is determined by the positions
of the beads and their boundary conditions. Similar straightforward applications might be expected
in two-dimensional and three-dimensional settings. Other more involved applications include general
interpolation methods, for instance in chemical physics [27], quantum algorithms [6] and quantum
communication processes [2].
From a mathematical point of view, the present approach uses the following two types of homomor-
phisms [13,14,23],
• the standard retraction homomorphisms ψ, ψ̂ of the affine and the dual affine Weyl groups,
• the four sign homomorphisms σ, which determine the type of the special function,
and adds two types of homomorphisms related to two shifts %∨ and %,
• the shift and the dual shift homomorphisms θ̂%∨ , θ%, which control the affine boundaries condi-
tions,
• the two γ−homomorphisms, which combine the previous three types of homomorphisms and
control the behavior of the orbit functions on the boundaries.
In Section 2, the notation and pertinent properties concerning the affine Weyl groups and the corre-
sponding lattices are reviewed. The admissible shifts and the dual admissible shifts are classified and
the four types of homomorphisms are presented. In Section 3, the four types of orbit functions are
recalled and their symmetries, depending on the shifts, are determined. The finite set of grid of points
and the labels are introduced and the numbers of their points calculated. In Section 4, the discrete
orthogonality of orbit functions is shown and the corresponding discrete Fourier transforms presented.
2. Pertinent properties of affine Weyl groups
2.1. Roots and reflections.
The notation, established in [13], is used. Recall that, to the simple Lie algebra of rank n, corresponds
the set of simple roots ∆ = {α1, . . . , αn} of the root system Π [1,3,15]. The set ∆ spans the Euclidean
space Rn, with the scalar product denoted by 〈 , 〉. The set of simple roots determines partial ordering
≤ on Rn — for λ, ν ∈ Rn it holds that ν ≤ λ if and only if λ− ν = k1α1 + · · ·+ knαn with ki ≥ 0 for all
i ∈ {1, . . . , n}. The root system Π and its set of simple roots ∆ can be defined independently on Lie
theory and such sets which correspond to compact simple Lie groups are called crystallographic [15].
There are two types of sets of simple roots — the first type with roots of only one length, denoted
standardly as An, n ≥ 1, Dn, n ≥ 4, E6, E7, E8 and the second type with two different lengths of roots,
denoted Bn, n ≥ 3, Cn, n ≥ 2, G2 and F4. For the second type systems, the set of simple roots consists
of short simple roots ∆s and long simple roots ∆l, i.e. the following disjoint decomposition is given,
∆ = ∆s ∪∆l. (1)
The standard objects, related to the set ∆ ⊂ Π, are the following [1, 15]:
• the highest root ξ ∈ Π with respect to the partial ordering ≤ restricted on Π
• the marks m1, . . . ,mn of the highest root ξ ≡ −α0 = m1α1 + · · ·+mnαn,
• the Coxeter number m = 1 +m1 + · · ·+mn,
• the root lattice Q = Zα1 + · · ·+ Zαn,
• the Z-dual lattice to Q,
P∨ =
{
ω∨ ∈ Rn | 〈ω∨, α〉 ∈ Z, ∀α ∈ ∆} = Zω∨1 + · · ·+ Zω∨n ,
with
〈αi, ω∨j 〉 = δij , (2)
• the dual root lattice Q∨ = Zα∨1 + · · ·+ Zα∨n , where α∨i = 2αi/〈αi, αi〉, i ∈ {1, . . . , n},
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• the dual marks m∨1 , . . . ,m∨n of the highest dual root η ≡ −α∨0 = m∨1α∨1 + · · ·+m∨nα∨n ; the marks
and the dual marks are summarized in Table 1 in [13],
• the Z-dual lattice to Q∨
P =
{
ω ∈ Rn | 〈ω, α∨〉 ∈ Z, ∀α∨ ∈ Q∨} = Zω1 + · · ·+ Zωn,
• the Cartan matrix C with elements Cij = 〈αi, α∨j 〉 and with the property
α∨j = Ckjω
∨
k , (3)
• the index of connection c of Π equal to the determinant of the Cartan matrix C,
c = detC, (4)
and determining the orders of the isomorphic quotient groups P/Q and P∨/Q∨,
c = |P/Q| = |P∨/Q∨|.
The n reflections rα, α ∈ ∆ in (n− 1)-dimensional mirrors orthogonal to simple roots intersecting at
the origin are given explicitly for a ∈ Rn by
rαa = a− 〈α, a〉α∨. (5)
and the affine reflection r0 with respect to the highest root ξ is given by
r0a = rξa+
2ξ
〈ξ, ξ〉 , rξa = a−
2〈a, ξ〉
〈ξ, ξ〉 ξ , a ∈ R
n . (6)
The set of reflections r1 ≡ rα1 , . . . , rn ≡ rαn , together with the affine reflection r0, is denoted by R,
R = {r0, r1, . . . , rn}. (7)
The dual affine reflection r∨0 , with respect to the dual highest root η, is given by
r∨0 a = rηa+
2η
〈η, η〉 , rηa = a−
2〈a, η〉
〈η, η〉 η, a ∈ R
n. (8)
The set of reflections r∨1 ≡ rα1 , . . . , r∨n ≡ rαn , together with the dual affine reflection r∨0 is denoted by
R∨,
R∨ = {r∨0 , r∨1 , . . . , r∨n}.
2.2. Weyl group and affine Weyl group.
The Weyl group W is generated by n reflections rα, α ∈ ∆. The set R of n + 1 generators (7)
generates the affine Weyl group W aff . Except for the case A1, the Coxeter presentation of W
aff is of
the form
W aff = 〈R | (rirj)mij = 1〉, (9)
where the numbers mij , i, j ∈ {0, 1, . . . , n} are given by the extended Coxeter-Dynkin diagrams — see
e. g. [13]. It holds that mii = 1 and if the ith and jth nodes in the diagram are not connected then
mij = 2; otherwise the single, double or triple vertices between the nodes indicate mij equal to 3, 4 or
6, respectively.
Moreover, the affine Weyl group W aff is the semidirect product of the Abelian group of translations
T (Q∨) by shifts from Q∨ and of the Weyl group W ,
W aff = T (Q∨)oW.
Thus, for any waff ∈W aff , there exist a unique w ∈W and a unique shift T (q∨) such that waff = T (q∨)w.
Taking any waff = T (q∨)w ∈ W aff , the retraction homomorphism ψ : W aff → W and the mapping
τ : W aff → Q∨ are given by
ψ(waff) = w, (10)
τ(waff) = q∨. (11)
The fundamental domain F of W aff , which consists of precisely one point of each W aff -orbit, is the
convex hull of the points
{
0,
ω∨1
m1
, . . . , ω
∨
n
mn
}
. Considering n+ 1 real parameters y0, . . . , yn ≥ 0, we have
F =
{
y1ω
∨
1 + · · ·+ ynω∨n | y0 + y1m1 + · · ·+ ynmn = 1
}
. (12)
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Let us denote the isotropy subgroup of a point a ∈ Rn and its order by
StabW aff (a) =
{
waff ∈W aff | waffa = a
}
, h(a) = |StabW aff (a)|,
and define a function ε : Rn → N by the relation
ε(a) =
|W |
h(a)
. (13)
Since the stabilizers StabW aff (a) and StabW aff (w
affa) are for any waff ∈ W aff conjugated, one obtains
that
ε(a) = ε(waffa), waff ∈W aff . (14)
Recall that the stabilizer StabW aff (a) of a point a = y1ω
∨
1 + · · ·+ ynω∨n ∈ F is trivial, StabW aff (a) = 1
if the point a is in the interior of F , a ∈ int(F ). Otherwise the group StabW aff (a) is generated by such
ri for which yi = 0, i = 0, . . . , n.
Considering the standard action of W on the torus Rn/Q∨, we denote for x ∈ Rn/Q∨ the isotropy
group by Stab(x) and the orbit and its order by
Wx =
{
wx ∈ Rn/Q∨ |w ∈W} , ε˜(x) ≡ |Wx|.
Recall the following three properties from Proposition 2.2 in [13] of the action of W on the torus Rn/Q∨:
(1) For any x ∈ Rn/Q∨, there exists x′ ∈ F ∩ Rn/Q∨ and w ∈W such that
x = wx′. (15)
(2) If x, x′ ∈ F ∩ Rn/Q∨ and x′ = wx, w ∈W , then
x′ = x = wx. (16)
(3) If x ∈ F ∩ Rn/Q∨, i.e. x = a+Q∨, a ∈ F , then ψ(StabW aff (a)) = Stab(x) and
Stab(x) ∼= StabW aff (a). (17)
From (17) we obtain that for x = a+Q∨, a ∈ F it holds that
ε(a) = ε˜(x). (18)
Note that instead of ε˜(x), the symbol ε(x) is used for |Wx|, x ∈ F ∩Rn/Q∨ in [11,13]. The calculation
procedure of the coefficients ε(x) is detailed in §3.7 in [13].
2.3. Admissible shifts.
For the development of the discrete Fourier calculus is crucial the notion of certain lattices invariant
under the action of the Weyl group W . In [11, 13] is formulated the discrete Fourier calculus on the
fragment of the refined W−invariant lattice P∨. Considering any vector %∨ ∈ Rn, we call %∨ an
admissible shift if the shifted lattice %∨ + P∨ is still W−invariant, i.e.
W (%∨ + P∨) = %∨ + P∨. (19)
If %∨ ∈ P∨ then the resulting lattice %∨+P∨ = P∨ does not change — such admissible shifts are called
trivial. Also any two admissible shifts %∨1 , %∨2 which would differ by a trivial shift, i.e. %∨1 − %∨2 ∈ P∨
lead to the same resulting shifted lattice and are in this sense equivalent. Thus, in the following, we
classify admissible shifts up to this equivalence. The following proposition significantly simplifies the
classification of admissible shifts.
Proposition 2.1. Let %∨ ∈ Rn. Then the following statements are equivalent.
(1) %∨ is an admissible shift.
(2) %∨ −W%∨ ⊂ P∨.
(3) For all i ∈ {1, . . . , n} it holds that
%∨ − ri%∨ ∈ P∨. (20)
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%∨ %
A1
1
2ω
∨
1
1
2ω1
C2
1
2ω
∨
1
1
2ω2
Bn, n ≥ 3 12ω∨n −
Cn, n ≥ 3 − 12ωn
Table 1. Non-trivial admissible shifts %∨ and admissible dual shifts % of affine Weyl
groups with the standard realization of the root systems [4].
Proof. (1) ⇒ (2): If %∨ is admissible then for every w ∈ W and every p∨1 ∈ P∨ there exists p∨2 ∈ P∨
such that w(%∨ + p∨1 ) = %∨ + p∨2 . Then %∨ − w%∨ = wp∨1 − p∨2 ∈ P∨.
(2) ⇒ (3): If for every w ∈ W it holds that %∨ − w%∨ ∈ P∨, thus this equality is also valid for all
ri ∈W .
(3) ⇒ (1): Any w ∈ W can be expressed as a product of generators, i.e. there exist indices
i1, i2, . . . , is ∈ {1, . . . , n} such that w = ri1ri2 . . . ris . Thus, we have from the assumption that there
exist vectors p∨i1 , . . . , p
∨
is
∈ P∨ such that %∨ − ri1%∨ = p∨i1 , %∨ − ri2%∨ = p∨i2 , . . . , %∨ − ris%∨ = p∨is . Then
we derive
%∨ − w%∨ = %∨ − ri1ri2 . . . ris%∨ = %∨ − ri1ri2 . . . ris−1(%∨ − p∨is)
= %∨ − ri1ri2 . . . ris−2(%∨ − p∨is−1) + ri1ri2 . . . ris−1p∨is
= p∨i1 + ri1p
∨
i2 + ri1ri2p
∨
i3 + · · ·+ ri1ri2 . . . ris−1p∨is .
Denoting p˜∨ = p∨i1 + ri1p
∨
i2
+ ri1ri2p
∨
i3
+ · · · + ri1ri2 . . . ris−1p∨is we have that p˜∨ ∈ P∨ since P∨ is
W−invariant. Thus for all w ∈ W there exists p˜∨ ∈ P∨ such that %∨ − w%∨ = p˜∨ and for all p∨ ∈ P∨
it holds that
w(%∨ + p∨) = −p˜∨ + %∨ + wp∨,
i.e. there exists p˜
′∨ = wp∨ − p˜∨ ∈ P∨ such that w(%∨ + p∨) = %∨ + p˜′∨ and %∨ is admissible. 
Analyzing the condition (20), we note that it is advantageous to consider a shift %∨ – up to equivalence
– in ω∨−basis, i.e.
%∨ = yjω∨j , yj ∈ 〈0, 1). (21)
Using the relations (2), (3) and (5), we calculate that
%∨ − ri%∨ = yiCkiω∨k .
Thus from (20), in order to %∨ be admissible, it has to hold yiCki ∈ Z for all i ∈ {1, . . . , n}. Let us
define the numbers
di = gcd(C1i, C2i, . . . , Cni) (22)
i.e. the integer di is the greatest common divisor of the i−th column of the Cartan matrix. Each di
can be expressed as the integer combination of C1i, C2i, . . . , Cni in the form
di = k1iC1i + k2iC2i + · · ·+ k1iC1i, kki ∈ Z
and we obtain from yiCki ∈ Z that yidi ∈ Z. Conversely from yidi ∈ Z and Cki/di ∈ Z we have that
yiCki ∈ Z and thus we conclude:
Corollary 2.2. A shift of the form (21) is admissible if and only if for all i ∈ {1, . . . , n} it holds that
diyi ∈ Z where the numbers di are defined by (22).
The Cartan matrices taken from e.g. [4] are examined and cases for which a non-trivial admissible
shift exists, i.e. those with some di = 2 and yielding yi = 1/2, are singled out. It appears that non-trivial
admissible shifts exist for the cases A1, C2 and Bn, n ≥ 3. These are summarized in Table 1.
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2.4. Dual affine Weyl group.
The dual affine Weyl group Ŵ aff is generated by the set R∨ and, except for the case A1, the Coxeter
presentation of Ŵ aff is of the form
Ŵ aff = 〈R∨ | (r∨i r∨j )m
∨
ij = 1〉.
The numbers m∨ij , i, j ∈ {0, 1, . . . , n} are deduced, following the identical rules as for W aff , from the
dual extended Coxeter-Dynkin diagrams [13].
The dual affine Weyl group Ŵ aff is a semidirect product of the group of shifts T (Q) and the Weyl
group W
Ŵ aff = T (Q)oW.
For any waff ∈ Ŵ aff there exist a unique element w ∈ W and a unique shift T (q), q ∈ Q such that
waff = T (q)w. Taking any waff = T (q)w ∈ Ŵ aff , the dual retraction homomorphism ψ̂ : Ŵ aff →W and
the mapping τ̂ : Ŵ aff → Q are given by
ψ̂(waff) = w, (23)
τ̂(waff) = q. (24)
The dual fundamental domain F∨ of Ŵ aff is the convex hull of vertices
{
0, ω1
m∨1
, . . . , ωnm∨n
}
. Considering
n+ 1 real parameters z0, . . . , zn ≥ 0, we have
F∨ =
{
z1ω1 + · · ·+ znωn | z0 + z1m∨1 + · · ·+ znm∨n = 1
}
. (25)
Let us denote the isotropy subgroup of a point b ∈ Rn by Stab
Ŵ aff
(b) and define for any M ∈ N a
function h∨M : Rn → N by the relation
h∨M (b) =
∣∣∣∣StabŴ aff ( bM
)∣∣∣∣ . (26)
Recall that for a point b = z1ω1 + · · · + znωn ∈ F∨ such that z0 + z1m∨1 + · · · + znm∨n = 1 is the
isotropy group trivial, Stab
Ŵ aff
(b) = 1, if b ∈ int(F∨), i.e. all zi > 0, i = 0, . . . , n. Otherwise the group
Stab
Ŵ aff
(b) is generated by such r∨i for which zi = 0, i = 0, . . . , n.
From F∨ being a fundamental region follows that
(1) For any b ∈ Rn there exists b′ ∈ F∨, w ∈W and q ∈ Q such that
b = wb′ + q. (27)
(2) If b, b′ ∈ F∨ and b′ = waffb, waff ∈ Ŵ aff then b = b′, i.e. if there exist w ∈ W and q ∈ Q such
that b′ = wb+ q then
b′ = b = wb+ q. (28)
Considering a natural action of W on the quotient group Rn/MQ, we denote for λ ∈ Rn/MQ the
isotropy group and its order by
Stab∨(λ) = {w ∈W |wλ = λ} , h˜∨M (λ) ≡ |Stab∨(λ)|. (29)
Recall the following property from Proposition 3.6 in [13] of the action of W on the quotient group
Rn/MQ. If λ ∈MF∨ ∩ Rn/MQ, i.e. λ = b+MQ, b ∈MF∨, then ψ̂(Stab
Ŵ aff
(b/M)) = Stab∨(λ) and
Stab∨(λ) ∼= StabŴ aff (b/M). (30)
From (30) we obtain that for λ = b+MQ, b ∈ F∨ it holds that
h∨M (b) = h˜
∨
M (λ). (31)
Note that instead of h˜∨M (λ), the symbol h
∨
λ is used for |Stab∨(λ)|, λ ∈ Rn/MQ in [11,13]. The calculation
procedure of the coefficients h∨λ is detailed in §3.7 in [13].
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2.5. Admissible dual shifts.
The second key ingredient of the discrete Fourier calculus is a lattice, invariant under the action of
the Weyl group W , which will label the sets of orthogonal functions. In [11,13] is formulated the discrete
Fourier calculus with special functions labeled by the labels from the W−invariant weight lattice P .
Considering any vector % ∈ Rn, we call % an admissible dual shift if the shifted lattice % + P is still
W−invariant, i.e.
W (%+ P ) = %+ P.
Similarly to the shifts, if % ∈ P then the resulting lattice %+P = P does not change — such admissible
dual shifts are called trivial. Also any two dual admissible shifts %1, %2 which would differ by a trivial
shift, i.e. %1 − %2 ∈ P lead to the same resulting shifted lattice and are equivalent. Rephrasing of
Proposition 2.1 leads to the classification of the admissible dual shifts.
Proposition 2.3. Let % ∈ Rn. Then the following statements are equivalent.
(1) % is an admissible dual shift.
(2) %−W% ⊂ P .
(3) For all i ∈ {1, . . . , n} it holds that
%− ri% ∈ P. (32)
Analyzing similarly the condition (32) and considering a dual shift % up to equivalence in ω−basis,
i.e.
% = yjωj , yj ∈ 〈0, 1). (33)
we calculate that
%− ri% = yiCikωk.
Defining the numbers
d′i = gcd(Ci1, Ci2, . . . , Cin) (34)
i.e. the integer d′i is the greatest common divisor of the i−th row of the Cartan matrix, we again
conclude:
Corollary 2.4. A dual shift of the form (33) is admissible if and only if for all i ∈ {1, . . . , n} it holds
that d′iyi ∈ Z where the numbers d′i are defined by (34).
The Cartan matrices are repeatedly examined and cases for which a non-trivial dual admissible shift
exists, i.e. those with some d′i = 2 and yielding yi = 1/2, are singled out. It appears that non-trivial
dual admissible shifts exist for the cases A1, C2 and Cn, n ≥ 3 only. These are summarized in Table 1.
2.6. Shift homomorphisms.
An admissible shift %∨ induces a homomorphism from the dual affine Weyl group to the multiplicative
two-element group {±1}. This ’shift’ homomorphism θ̂%∨ : Ŵ aff → {±1} is defined for waff ∈ Ŵ aff ,
using the mapping (24), via the equation
θ̂%∨(w
aff) = e2pii〈τ̂(w
aff), %∨〉. (35)
For trivial admissible shifts we obtain a trivial homomorphism θ̂%∨(w
aff) = 1. Since all non-trivial
admissible shifts %∨ are from 12P
∨, the map (35) indeed maps to {±1}. The key point to see that (35)
defines a homomorphism is that the equality
e2pii〈wq, %
∨〉 = e2pii〈q, %
∨〉, q ∈ Q, w ∈W, (36)
which is equivalent to 〈q, %∨−w−1%∨〉 ∈ Z, is valid because %∨−w−1%∨ ∈ P∨ is the second statement of
Proposition 2.1 and P∨ is Z−dual to Q. Considering two dual affine Weyl group elements waff1 , waff2 ∈
Ŵ aff of the form waff1 a = w1a+ q1, w
aff
2 a = w2a+ q2 with w1, w2 ∈W and q1, q2 ∈ Q we calculate that
τ̂(waff1 w
aff
2 ) = w1q2 + q1 and thus
θ̂%∨(w
aff
1 w
aff
2 ) =e
2pii〈τ̂(waff1 waff2 ), %∨〉 = e2pii〈w1q2+q1, %
∨〉 = e2pii〈w1q2, %
∨〉e2pii〈q1, %
∨〉 = e2pii〈q2, %
∨〉e2pii〈q1, %
∨〉
=θ̂%∨(w
aff
1 )θ̂%∨(w
aff
2 ).
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Since the mapping is (35) a homomorphism, its value on any element of Ŵ aff is determined by the values
of (35) on generators from R∨. For any reflection r∨1 , . . . , r∨n it trivially holds that τ̂(r∨i ) = 0 and thus
θ̂%∨(r
∨
i ) = 1 for i ∈ {1, . . . , n}. Evaluating the number θ̂%∨(r∨0 ) one needs to take into account explicitly
the non-trivial admissible shifts from Table 1 and the dual highest roots η from [13]. It appears that
the result for all cases is that for non-trivial admissible shifts it holds
2〈η, %∨〉
〈η, η〉 =
1
2
. (37)
Then from (8) and (37) we obtain
θ̂%∨(r
∨
0 ) = e
2pii〈τ̂(r∨0 ), %∨〉 = e2pii
2〈η, %∨〉
〈η, η〉 = −1.
Summarizing the results, we conclude with the following proposition.
Proposition 2.5. The map (35) is for any admissible shift a homomorphism θ̂%∨ : Ŵ
aff → {±1} and
for any non-trivial admissible shift %∨ are the values on the generators R∨ of Ŵ aff given as
θ̂%∨(r
∨
i ) =
{
1, i ∈ {1, . . . , n}
−1, i = 0. (38)
Similarly to the shift homomorphism (35) we define for the dual admissible shift % the dual shift
homomorphism θ% : W
aff → {±1} — for any waff ∈W aff , using the mapping (11), via the equation
θ%(w
aff) = e2pii〈τ(w
aff), %〉. (39)
Analogous relation to (36) is also valid
e2pii〈wq
∨, %〉 = e2pii〈q
∨, %〉, q∨ ∈ Q∨, w ∈W (40)
and also
2〈ξ, %〉
〈ξ, ξ〉 =
1
2
. (41)
Thus we conclude with the following proposition.
Proposition 2.6. The map (39) is for any admissible dual shift a homomorphism θ% : W
aff → {±1}
and for any non-trivial admissible dual shift % are the values on the generators R of W aff given as
θ%(ri) =
{
1, i ∈ {1, . . . , n}
−1, i = 0. (42)
Note that, excluding the case A1, any homomorphism θ : W
aff → {±1} has to be compatible with
the generator relations (9) from the Coxeter presentation of W aff ,
(θ(ri)θ(rj))
mij = 1, i, j ∈ {0, . . . , n}.
Thus, except for the admissible cases Cn, n ≥ 2, a homomorphism θ% defined on generators R via (42)
cannot exist — the admissible cases are the only cases where the zero vertex of the extended Coxeter-
Dynkin diagram is not connected to the rest of the diagram by a single vertex, i.e. m0i, i ∈ {1, . . . , n}
are all even. Similarly, analyzing the dual extended Coxeter-Dynkin diagrams, we observe that the
admissible cases C2 and Bn, n ≥ 3 are the only ones allowing existence of a homomorphism of the form
(38). Since the generators r0, r1 and the dual generators r
∨
0 , r
∨
1 of A1 do not obey any relation between
them, the case A1 indeed admits both homomorphisms of the forms (42) and (38).
2.7. Sign homomorphisms and γ−homomorphisms.
Up to four classes of orbit functions are obtained using ’sign’ homomorphisms σ : W → {±1} – see
e.g. [11, 13]. These homomorphisms and their values on any w ∈ W are given as products of values of
generators rα, α ∈ ∆. The following two choices of homomorphism values of generators rα, α ∈ ∆ lead
to the trivial and determinant homomorphisms
1(rα) = 1 (43)
σe(rα) = −1, (44)
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γ10 γ
σe
0 γ
σs
0 γ
σl
0 γ
1
% γ
σe
% γ
σs
% γ
σl
%
r0 1 −1 1 −1 −1 1 −1 1
rα, α ∈ ∆l 1 −1 1 −1 1 −1 1 −1
rα, α ∈ ∆s 1 −1 −1 1 1 −1 −1 1
Table 2. The values of γσ% (r), r ∈ R for a trivial 0−shift, the non-trivial admissible
dual shift % and four sign homomorphisms σ.
yielding for any w ∈W
1(w) = 1 (45)
σe(w) = detw. (46)
For root systems with two different lengths of roots, there are two other available choices. Using the
decomposition (1), these two new homomorphisms are given as follows [11]:
σs(rα) =
{
1, α ∈ ∆l
−1, α ∈ ∆s
(47)
σl(rα) =
{
1, α ∈ ∆s
−1, α ∈ ∆l.
(48)
From [11] we also have the values for the reflections (6) and (8) from W,
σs(rξ) = 1, σ
l(rξ) = −1, (49)
σs(rη) = −1, σl(rη) = 1. (50)
At this point we have all three key homomorphisms ready – the retraction homomorphism ψ , the
dual shift homomorphism θ% and up to four sign homomorphisms σ given by (10), (39) and (45), (46),
(47), (48), respectively. We use these three homomorphisms to create the fourth and most ubiquitous
homomorphism γσ% : W
aff → {±1} given by
γσ% (w
aff) = θ%(w
aff) · [σ ◦ ψ(waff)], waff ∈W aff . (51)
Note that, since for the affine reflection r0 ∈ R it holds that ψ(r0) = rξ, we have from (49) that
σs ◦ ψ(r0) = 1, σl ◦ ψ(r0) = −1. (52)
The values of the γσ%−homomorphism on any waff ∈W aff are determined by its values on the generators
from R. Putting together the values from (42), (43) — (50) and (52), we summarize the values of
γσ% (r), r ∈ R for a trivial 0−shift and the non-trivial admissible dual shift % in Table 2.
We use four sign homomorphisms σ, the dual retraction homomorphism (23) and the shift homomor-
phism (35) to define a dual version of the γσ%−homomorphism γ̂σ%∨ : Ŵ aff → {±1} by relation
γ̂σ%∨(w
aff) = θ̂%∨(w
aff) · [σ ◦ ψ̂(waff)], waff ∈ Ŵ aff . (53)
Note that, since for the dual affine reflection r∨0 ∈ R∨ it holds that ψ̂(r∨0 ) = rη, we have from (50) that
σs ◦ ψ̂(r∨0 ) = 1, σl ◦ ψ̂(r∨0 ) = −1. (54)
The values of the γ̂σ%∨−homomorphism on any waff ∈ Ŵ aff are determined by its values on the generators
from R∨. Putting together the values from (38), (43) — (50) and (54), we summarize the values of
γ̂σ%∨(r), r ∈ R for a trivial 0−shift and the non-trivial admissible shift %∨ in Table 3.
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γ̂10 γ̂
σe
0 γ̂
σs
0 γ̂
σl
0 γ̂
1
%∨ γ̂
σe
%∨ γ̂
σs
%∨ γ̂
σl
%∨
r∨0 1 −1 −1 1 −1 1 1 −1
rα, α ∈ ∆l 1 −1 1 −1 1 −1 1 −1
rα, α ∈ ∆s 1 −1 −1 1 1 −1 −1 1
Table 3. The values of γ̂σ%∨(r), r ∈ R∨ for a trivial 0−shift, the non-trivial admissible
shift %∨ and four sign homomorphisms σ.
2.8. Fundamental domains.
Any sign homomorphism and any admissible dual shift determine a decomposition of the fundamental
domain F . The factors of this decomposition are essential for the study of discrete orbit functions. For
any sign homomorphism σ and any admissible dual shift % we introduce a subset F σ(%) of F
F σ(%) =
{
a ∈ F | γσ% (StabW aff (a)) = {1}
}
with γσ%−homomorphism given by (51). Since for all points of the interior of F the stabilizer is trivial,
i.e. StabW aff (a) = 1, a ∈ int(F ), the interior int(F ) is a subset of any F σ(%). Let us also define the
corresponding subset Rσ(%) of generators R of W aff
Rσ(%) =
{
r ∈ R | γσ% (r) = −1
}
(55)
The sets Rσ(%) are straightforwardly explicitly determined for any case from Table 2. In order to
determine the analytic form of the sets F σ(%), we define subsets of the boundaries of F
Hσ(%) = {a ∈ F | (∃r ∈ Rσ(%))(ra = a)} . (56)
Proposition 2.7. For the sets F σ(%) it holds that
F σ(%) = F \Hσ(%).
Proof. Let a ∈ F . If a /∈ F \ Hσ(%), then a ∈ Hσ(%), and there exists r ∈ Rσ(%) such that r ∈
StabW aff (a). Then according to (55), we have γ
σ
% (r) = −1. Thus, γσ% (StabW aff (a)) = {±1} and
consequently a /∈ F σ(%). Conversely, if a ∈ F \Hσ(%), then the stabilizer StabW aff (a) is either trivial
or generated by generators from R \Rσ(%) only. Then, since for any generator r ∈ R \Rσ(%) it follows
from (55) that γσ% (r) = 1, we obtain γ
σ
% (StabW aff (a)) = {1}, i.e. a ∈ F σ(%). 
The explicit description of all domains F σ(%) follows from (12) and Proposition 2.7. We define the
symbols yσ,%i ∈ R, i = 0, . . . , n in the following way:
yσ,%i ∈
{
R>0, ri ∈ Rσ(%)
R≥0, ri ∈ R \Rσ(%).
Thus, the explicit form of F σ(%) is given by
F σ(%) =
{
yσ,%1 ω
∨
1 + · · ·+ yσ,%n ω∨n | yσ,%0 + yσ,%1 m1 + · · ·+ yσ,%n mn = 1
}
. (57)
2.9. Dual fundamental domains.
The dual version of the γ−homomorphism γ̂σ%∨ also determines a decomposition of the dual funda-
mental domain F∨. The factors of this decomposition are essential for the study of the discretized orbit
functions. We define subsets F σ∨(%∨) of F∨ by
F σ∨(%∨) =
{
a ∈ F∨ | γ̂σ%∨
(
Stab
Ŵ aff
(a)
)
= {1}} (58)
where γ̂σ%∨ is given by (53) and %
∨ is an admissible shift. Since for all points of the interior of F∨ the
stabilizer is trivial, i.e. Stab
Ŵ aff
(a) = 1, a ∈ int(F∨), the interior int(F∨) is a subset of all F σ∨(%∨) .
Let us also define the corresponding subset Rσ∨(%∨) of generators R∨ of Ŵ aff
Rσ∨(%∨) =
{
r ∈ R∨ | γ̂σ%∨ (r) = −1
}
(59)
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The sets Rσ∨(%∨) are straightforwardly explicitly determined for any case from Table 3. We define
subsets of the boundaries of F∨ by
Hσ∨(%∨) =
{
a ∈ F∨ | (∃r ∈ Rσ∨(%∨))(ra = a)} . (60)
Similarly to Proposition 2.7 we derive its dual version.
Proposition 2.8. For the sets F σ∨(%∨) it holds that
F σ∨(%∨) = F∨ \Hσ∨(%∨).
The explicit description of all domains F σ∨(%∨) follows from (25) and Proposition 2.8. We define the
symbols zσ,%
∨
i ∈ R, i = 0, . . . , n in the following way:
zσ,%
∨
i ∈
{
R>0, ri ∈ Rσ∨(%∨)
R≥0, ri ∈ R∨ \Rσ∨(%∨).
Thus, the explicit form of F σ∨(%∨) is given by
F σ∨(%∨) =
{
zσ,%
∨
1 ω1 + · · ·+ zσ,%
∨
n ωn | zσ,%
∨
0 + z
σ,%∨
1 m
∨
1 + · · ·+ zσ,%
∨
n m
∨
n = 1
}
. (61)
3. Four types of orbit functions
3.1. Symmetries of orbit functions.
Four sign homomorphisms 1, σe, σs and σl determine four types of families of complex orbit functions
for root systems with two different lenghts of roots. If a given root system has only one length of roots
there exist two homomorphism 1, σe only. Within each family of special functions, determined by a
sign homomorphism σ, are the complex functions ϕσb : Rn → C standardly labeled by weights b ∈ P .
In this article we start by allowing b ∈ Rn and we have the orbit functions of the general form
ϕσb (a) =
∑
w∈W
σ(w) e2pii〈wb, a〉, a ∈ Rn.
The discretization properties of all four cases of these functions on a finite fragment of the grid 1MP
∨
and with b ∈ P were described in [11,13].
Here we firstly examine the discretization by taking discrete values of b ∈ %+P , with % an admissible
dual shift. Using the γσ%−homomorphism, defined by (51), we are able to describe invariance properties
of all types of orbit functions in the following compact form.
Proposition 3.1. Let % be an admissible dual shift and b ∈ % + P . Then for any waff ∈ W aff and
a ∈ Rn it holds that
ϕσb (w
affa) = γσ% (w
aff)ϕσb (a). (62)
Moreover the functions ϕσb are zero on the boundary H
σ(%), i.e.
ϕσb (a
′) = 0, a′ ∈ Hσ(%). (63)
Proof. Considering an element of the affine Weyl group of the form waffa = w′a+ q∨, w′ ∈W , q∨ ∈ Q∨
and b = %+ λ, with λ ∈ P , we firstly calculate that
e2pii〈wb, q
∨〉 = e2pii〈λ+%,w
−1q∨〉 = e2pii〈%,w
−1q∨〉 = e2pii〈%, q
∨〉 = θ%(waff)
where the first equality follows from w ∈ W being an orthogonal map, the second from W−invariance
of Q∨ and Z−duality of the lattices P and Q∨, the third is equation (40). Then we have that
ϕσb (w
affa) =
∑
w∈W
σ(w) e2pii〈wb,w
′a+q∨〉 =
∑
w∈W
σ(w) e2pii〈wb,w
′a〉e2pii〈wb, q
∨〉
= θ%(w
aff)
∑
w∈W
σ(w) e2pii〈wb,w
′a〉 = θ%(waff)σ(w′)ϕσb (a)
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which is equation (62). Putting the generators (55) from Rσ(%) into (62) we immediately have for the
points from Hσ(%) that
ϕσb (a) = ϕ
σ
b (ra) = −ϕσb (a), r ∈ Rσ(%), a ∈ Hσ(%).

Thus, all orbit functions are (anti)symmetric with respect to the action of the affine Weyl group W aff .
This allows us to consider the values ϕσb (a) only for points of the fundamental domain a ∈ F . Moreover,
from (63) and Proposition 2.7 we conclude that we can consider the functions ϕσb , b ∈ % + P on the
domain F σ(%) only.
Secondly, reverting to a general b ∈ Rn, we discretize the values of a by taking a ∈ 1M (%∨+P∨) with
%∨ an admissible shift and any M ∈ N. Using the γ̂σ%∨−homomorphism, defined by (53), we describe
invariance with respect to the action of Ŵ aff in the following compact form.
Proposition 3.2. Let %∨ be an admissible shift and a ∈ 1M (%∨ + P∨) with M ∈ N. Then for any
waff ∈ Ŵ aff and b ∈ Rn it holds that
ϕσ
Mwaff( b
M
)
(a) = γ̂σ%∨(w
aff)ϕσb (a). (64)
Moreover the functions ϕσb are identically zero on the boundary MH
σ∨(%∨), i.e.
ϕσb ≡ 0, b ∈MHσ∨(%∨). (65)
Proof. Considering an element of the dual affine Weyl group of the form waffa = w′a + q and a =
(%∨ + s)/M , with s ∈ P∨, we firstly calculate that
e2pii〈qM,wa〉 = e2pii〈w
−1q, %∨+s〉 = e2pii〈%
∨, w−1q〉 = e2pii〈%
∨, q〉 = θ̂%∨(waff)
where the first equality follows from w ∈ W being an orthogonal map, the second from W−invariance
of Q and Z−duality of the lattices P∨ and Q, the third is equation (36). Then we have that
ϕσ
Mwaff( b
M
)
(a) =
∑
w∈W
σ(w) e2pii〈w
′b+qM,wa〉 =
∑
w∈W
σ(w) e2pii〈w
′b, wa〉e2pii〈qM,wa〉
= θ̂%∨(w
aff)
∑
w∈W
σ(w) e2pii〈w
′b, wa〉 = θ̂%∨(waff)σ(w′)ϕσb (a)
which is equation (64). Putting the generators (59) from Rσ∨(%∨) into (64) we immediately have for
the points from MHσ∨(%∨) that
ϕσb (a) = ϕ
σ
Mr( b
M
)
(a) = −ϕσb (a), r ∈ Rσ∨(%∨), b ∈MHσ∨(%∨).

Thus, all orbit functions are (anti)symmetric with respect to the action of the modified dual affine
Weyl group — the group T (MQ)oW . This allows us to consider the functions ϕσb only for labels from
the fundamental domain b ∈ MF∨. Moreover, from (65) and Proposition 2.8 we conclude that we can
consider the functions ϕσb (a), a ∈ 1M (%∨ + P∨) with the labels b from MF σ∨(%∨) only.
3.2. Discretization of orbit functions.
By discretization of orbit functions we mean formulating their discrete Fourier calculus; at this point
this step is straightforward — we discretize both the arguments of the functions ϕσb (a) to
1
M (%
∨ + P∨)
and the labels to %+P with % and %∨ being admissible. Combining propositions 3.1 and 3.2, we obtain
that the discrete values a of the functions ϕσb (a) can be taken only on the set
F σM (%, %
∨) =
[
1
M
(%∨ + P∨)
]
∩ F σ(%) (66)
and the labels b are then considered in the set
ΛσM (%, %
∨) = (%+ P ) ∩MF σ∨(%∨). (67)
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The explicit form of these sets is crucial for application and can be for each case of admissible shifts
%∨ = %∨1ω∨1 + · · ·+ %∨nω∨n and admissible dual shifts % = %1ω1 + · · ·+ %nωn derived from (57) and (61).
If we define the symbols
uσ,%i ∈
{
N, ri ∈ Rσ(%)
Z≥0, ri ∈ R \Rσ(%)
and the symbols
tσ,%
∨
i ∈
{
N, ri ∈ Rσ∨(%∨)
Z≥0, ri ∈ R∨ \Rσ∨(%∨)
we obtain the set F σM (%, %
∨) explicitly
F σM (%, %
∨) =
{
uσ,%1 + %
∨
1
M
ω∨1 + · · ·+
uσ,%n + %∨n
M
ω∨n | uσ,%0 + uσ,%1 m1 + · · ·+ uσ,%n mn = M
}
(68)
and also the set ΛσM (%, %
∨)
ΛσM (%, %
∨) =
{
(tσ,%
∨
1 + %1)ω1 + · · ·+ (tσ,%
∨
n + %n)ωn | tσ,%
∨
0 + t
σ,%∨
1 m
∨
1 + · · ·+ tσ,%
∨
n m
∨
n = M
}
. (69)
The counting formulas for the numbers of elements of all F σM (0, 0) are derived in [11,13]. Recall from [13]
that the number of elements of |F 1M (0, 0)| of Cn, n ≥ 2 is equal to νn(M), where νn(M) is given on odd
and even values of M by,
νn(2k) =
(
n+ k
n
)
+
(
n+ k − 1
n
)
νn(2k + 1) =2
(
n+ k
n
)
.
Theorem 3.3. Let %∨, % be the non-trivial admissible and the dual admissible shifts, respectively. The
numbers of points of grids F σM of Lie algebras A1, Bn, Cn are given by the following relations.
(1) A1,
|F 1M (%, 0)| =|F 1M (0, %∨)| = |F 1M (%, %∨)| = M − 1,
|F σeM (%, 0)| =|F σ
e
M (0, %
∨)| = |F σeM (%, %∨)| = M − 1.
(2) C2,
|F 1M (%, 0)| =|F 1M (0, %∨)| = |F σ
s
M (0, %
∨)| = |F σlM (%, 0)| = ν2(M − 1)
|F 1M (%, %∨)| =|F σ
e
M (%, %
∨)| = |F σsM (%, %∨)| = |F σ
l
M (%, %
∨)| = ν2(M − 2),
|F σeM (0, %∨)| =|F σ
e
M (%, 0)| = |F σ
s
M (%, 0)| = |F σ
l
M (0, %
∨)| = ν2(M − 3),
(3) Cn, n ≥ 3,
|F 1M (%, 0)| = |F σ
l
M (%, 0)| = νn(M − 1)
|F σeM (%, 0)| = |F σ
s
M (%, 0)| = νn(M − 2n+ 1)
(4) Bn, n ≥ 3,
|F 1M (0, %∨)| = |F σ
s
M (0, %
∨)| = νn(M − 1)
|F σeM (0, %∨)| = |F σ
l
M (0, %
∨)| = νn(M − 2n+ 1).
Proof. The number of points is calculated for each case of admissible shifts using formula (68). For the
case Cn, we have from Table 2 that R
σs(%) = {r0, r1, . . . , rn−1} and thus
F σ
s
M (%, 0) =
{
uσ
s,%
1
M
ω∨1 + · · ·+
uσ
s,%
n
M
ω∨n | uσ
s,%
0 + 2u
σs,%
1 + · · ·+ 2uσ
s,%
n−1 + u
σs,%
n = M
}
(70)
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where
uσ
s,%
i ∈
{
N, i ∈ {0, 1, . . . , n− 1},
Z≥0, i = n.
Introducing new variables u˜σ
s,%
i ∈ Z≥0 and setting
uσ
s,%
i =
{
u˜σ
s,%
i + 1, i ∈ {0, 1, . . . , n− 1},
u˜σ
s,%
i , i = n.
the defining equation in the set (70) can be rewritten as
u˜σ
s,%
0 + 2u˜
σs,%
1 + · · ·+ 2u˜σ
s,%
n−1 + u˜
σs,%
n = M − 2n+ 1.
This equation is the same as the defining equation of F 1M−2n+1(0, 0) of Cn, hence
|F σsM (%, 0)| = |F 1M−2n+1(0, 0)| (71)
and the counting formula follows. Similarly, we obtain formulas for the remaining cases. 
Example 3.1. For the Lie algebra C2, we have its determinant of the Cartain matrix c = 2. For M = 4
is the order of the group 14P
∨/Q∨ equal to 32, and according to Theorem 3.3 we calculate
|F 14 (%, 0)| =|F 14 (0, %∨)| = |F σ
s
4 (0, %
∨)| = |F σl4 (%, 0)| = 6
|F 14 (%, %∨)| =|F σ
e
4 (%, %
∨)| = |F σs4 (%, %∨)| = |F σ
l
4 (%, %
∨)| = 4,
|F σe4 (0, %∨)| =|F σ
e
4 (%, 0)| = |F σ
s
4 (%, 0)| = |F σ
l
4 (0, %
∨)| = 2,
Let us denote the boundaries of the triangle F which are stabilized by the reflection ri by bi, i ∈ {0, 1, 2}.
Then the sets Hσ(%) of boundaries (56) are of the explicit form
H1(%) = {b0}, Hσe(%) = {b1, b2},
Hσ
s
(%) = {b0, b1}, Hσl(%) = {b2}.
The coset representatives of the finite group 14P
∨/Q∨, the shifted representatives of the set of cosets
1
4(%
∨+P∨)/Q∨ and the fundamental domain F with its boundaries {b0, b1, b2} are depicted in Figure 1.
It is established in [11, 13] that the numbers of elements of F σM (0, 0) coincide with the numbers of
elements of ΛσM (0, 0). Here we generalize these results to include all cases of admissible shifts.
Theorem 3.4. Let %∨, % be any admissible and any dual admissible shifts, respectively. Then it holds
that
|ΛσM (%, %∨)| = |F σM (%, %∨)|.
Proof. The equality |ΛσM (0, 0)| = |F σM (0, 0)| is proved in [11, 13]. For other combinations of admissible
shifts is the number of points calculated for each case using formula (69). For the case Cn, we have
from Table 3 that Rσ
s∨(0) = {r∨0 , r1, . . . , rn−1} and thus
Λσ
s
M (%, 0) =
{
tσ
s,0
1 ω1 + · · ·+
(
tσ
s,0
n +
1
2
)
ωn | tσ
s,0
0 + t
σs,0
1 + 2t
σs,0
2 + · · ·+ 2
(
tσ
s,0
n +
1
2
)
= M
}
(72)
where
tσ
s,0
i ∈
{
N, i ∈ {0, 1, . . . , n− 1},
Z≥0, i = n.
Introducing new variables t˜σ
s,%
i ∈ Z≥0 and setting
tσ
s,0
i =
{
t˜σ
s,0
i + 1, i ∈ {0, 1, . . . , n− 1},
t˜σ
s,%
i , i = n.
the defining equation in the set (72) can be rewritten as
t˜σ
s,0
0 + t˜
σs,0
1 + 2t˜
σs,0
2 + · · ·+ 2t˜σ
s,0
n = M − 2n+ 1.
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b2
r2
ξ = ω∨1
α∨1α1
r0
α2 = α
∨
2 ω2 = ω
∨
2
b0
b1 ω1
η
F
r1
Figure 1. The fundamental domain F and its boundaries of C2. The fundamental domain F
is depicted as the grey triangle containing borders b1, b2 and b0, which are depicted as the thick
dashed line, dot-and-dashed and dot-dot-and-dashed lines, respectively. The coset representatives
of 14P
∨/Q∨ and the shifted representatives of cosets 14 (%
∨ + P∨)/Q∨ are shown as 32 white and
black dots, respectively. The six black points in F form the set F 14 (0, %
∨). The dashed lines
represent ’mirrors’ r0, r1 and r2. Larger circles are elements of the root lattice Q; together with
the squares they are elements of the weight lattice P .
This equation is the same as the defining equation of Λ1M−2n+1(0, 0) of Cn and taking into account (71)
we obtain that
|ΛσsM (%, 0)| = |Λ1M−2n+1(0, 0)| = |F 1M−2n+1(0, 0)| = |F σ
s
M (%, 0)|.
Similarly, we obtain the equalities for the remaining cases. 
Example 3.2. For the Lie algebra C2 and for M = 4 is the order of the group P/4Q equal to 32, and
according to Theorem 3.4 we calculate
|Λ14(%, 0)| =|Λ14(0, %∨)| = |Λσ
s
4 (0, %
∨)| = |Λσl4 (%, 0)| = 6
|Λ14(%, %∨)| =|Λσ
e
4 (%, %
∨)| = |Λσs4 (%, %∨)| = |Λσ
l
4 (%, %
∨)| = 4,
|Λσe4 (0, %∨)| =|Λσ
e
4 (%, 0)| = |Λσ
s
4 (%, 0)| = |Λσ
l
4 (0, %
∨)| = 2,
Let us denote the boundaries of the triangle 4F∨ which are stabilized by the reflection r∨i by b
∨
i ,
i ∈ {0, 1, 2}. Then the sets 4Hσ∨(%∨) of boundaries (60) are the relevant boundaries of 4F∨ and are
given as
4H1∨(%∨) = {b∨0 }, 4Hσ
e∨(%∨) = {b∨1 , b∨2 },
4Hσ
s∨(%∨) = {b∨1 }, 4Hσ
l∨(%∨) = {b∨0 , b∨2 }.
The coset representatives of the finite group P/4Q, the shifted representatives of the set of cosets
(% + P )/4Q and the magnified fundamental domain 4F∨ with its boundaries {b∨0 , b∨1 , b∨2 } are depicted
in Figure 2.
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b∨1
α1 4α1α
∨
1
4α2
α2 = α
∨
2
ω1
r∨0,4
1
2ω2
F∨
4F∨
ξ = ω∨1
b∨0
ω2 = ω
∨
2 b
∨
2
r∨2 r
∨
1
r∨0
η
Figure 2. The magnified fundamental domain 4F∨ and its boundaries of C2. The darker
grey triangle is the fundamental domain F∨ and the lighter grey triangle is the domain 4F∨
containing borders b∨1 , b
∨
2 and b
∨
0 , which are depicted as the thick dashed line, dot-and-dashed
and dot-dot-and-dashed lines, respectively. The coset representatives of P/4Q and the shifted
representatives of cosets (%+P )/4Q are shown as 32 white and black dots, respectively. The six
black points in 4F∨ form the set Λ14(%, 0). The dashed lines represent ’mirrors’ r
∨
0 , r
∨
1 and r
∨
2
and the affine mirror r∨0,4 is defined by r
∨
0,4λ = 4r
∨
0 (λ/4). The larger circles and squares coincide
with those in Figure 1.
4. Discrete orthogonality and transforms of orbit functions
4.1. Discrete orthogonality of orbit functions.
To describe the discrete orthogonality of the ϕσb functions with shifted points from F
σ
M (%, %
∨) and
shifted weights from ΛσM (%, %
∨), we need to generalize the discrete orthogonality from [11,13,23] . Recall
that basic discrete orthogonality relations of the exponentials from [13,23] imply for any µ ∈ P that∑
y∈ 1
M
P∨/Q∨
e2pii〈µ, y〉 =
{
cMn, µ ∈MQ
0, µ /∈MQ. (73)
The scalar product of any two functions f, g : F σM (%, %
∨)→ C is given by
〈f, g〉FσM (%,%∨) =
∑
a∈FσM (%,%∨)
ε(a)f(a)g(a), (74)
where the numbers ε(a) are determined by (13). We prove that ΛσM (%, %
∨) is the lowest maximal set of
pairwise orthogonal orbit functions.
Theorem 4.1. Let %∨, % be any admissible and any dual admissible shifts, respectively, and σ be a
sign homomorphism. Then for any b, b′ ∈ ΛσM (%, %∨) it holds that
〈ϕσb , ϕσb′〉FσM (%,%∨) = c |W |M
nh∨M (b) δb,b′ , (75)
where c, h∨M (b) were defined by (4), (26), respectively, |W | is the number of elements of the Weyl group.
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Proof. Since due to (63) any ϕσb vanishes on H
σ(%) and it holds that
F σM (%, %
∨) ∪
[
1
M
(%∨ + P∨) ∩Hσ(%)
]
=
[
1
M
(%∨ + P∨)
]
∩ F,
we have
〈ϕσb , ϕσb′〉FσM (%,%∨) =
∑
a∈FσM (%,%∨)
ε(a)ϕσb (a)ϕ
σ
b′(a) =
∑
a∈[ 1M (%∨+P∨)]∩F
ε(a)ϕσb (a)ϕ
σ
b′(a)
Combining the relations (14) and (62), we observe that the expression ε(a)ϕσb (a)ϕ
σ
b′(a) isW
aff−invariant;
the shift invariance with respect to Q∨, together with (18), implies that∑
a∈[ 1M (%∨+P∨)]∩F
ε(a)ϕσb (a)ϕ
σ
b′(a) =
∑
x∈[ 1M (%∨+P∨)/Q∨]∩F
ε˜(x)ϕσb (x)ϕ
σ
b′(x)
and taking into account also W−invariance of ε˜(x)ϕσb (x)ϕσb′(x) together with (15) and (16), we obtain∑
x∈[ 1M (%∨+P∨)/Q∨]∩F
ε˜(x)ϕσb (x)ϕ
σ
b′(x) =
∑
y∈ 1
M
(%∨+P∨)/Q∨
ϕσb (y)ϕ
σ
b′(y).
Using the W−invariance of 1M (%∨ + P∨)/Q∨, which follows from (19), we obtain
〈ϕσb , ϕσb′〉FσM (%,%∨) =
∑
w′∈W
∑
w∈W
∑
y∈ 1
M
(%∨+P∨)/Q∨
σ(ww′)e2pii〈wb−w
′b′, y〉
= |W |
∑
w′∈W
∑
y∈ 1
M
(%∨+P∨)/Q∨
σ(w′)e2pii〈b−w
′b′, y〉
= |W |
∑
w′∈W
σ(w′)e2pii〈b−w
′b′, %
∨
M
〉 ∑
y∈ 1
M
P∨/Q∨
e2pii〈b−w
′b′, y〉.
Having the labels b and b′ of the form b = % + λ and b′ = % + λ′, with λ, λ′ ∈ P , we obtain from
Proposition 2.3 that
b− w′b′ = %− w′%+ λ− λ′ ∈ P.
Thus, the basic orthogonality relation (73) can be used. Taking into account that (28) together with
b, b′ ∈ MF∨ and b − w′b′ ∈ MQ, for some w′ ∈ W , forces b = b′, we observe that if b 6= b′ then
for all w′ ∈ W it has to hold that b − w′b′ /∈ MQ. We conclude that if b 6= b′ then (73) implies
〈ϕσb , ϕσb′〉FσM (%,%∨) = 0. On the other hand if b = b′ then (73) forces all summands for which b−w′b /∈MQ,
i.e. w′ /∈ ψ̂(Stab
Ŵ aff
(
b
M
)
) to vanish. Therefore we finally obtain
〈ϕσb , ϕσb 〉FσM (%,%∨) =c |W |M
n
∑
w′∈ψ̂[StabŴaff ( bM )]
σ(w′)e2pii〈b−w
′b, %
∨
M
〉 (76)
=c |W |Mn
∑
waff∈Stab
Ŵaff (
b
M )
σ(ψ̂[waff ])e2pii〈τ̂ [w
aff ], %∨〉
=c |W |Mn
∑
waff∈Stab
Ŵaff (
b
M )
γ̂σ%∨(w
aff)
and taking into account (58) and definition (26), we have∑
waff∈Stab
Ŵaff (
b
M )
γ̂σ%∨(w
aff) = h∨M (b).

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Example 4.1. Consider the root system of C2 — its highest root ξ and the highest dual root η, depicted
in Figure 1, are given by
ξ = 2α1 + α2, η = α
∨
1 + 2α
∨
2 .
The Weyl group has eight elements, |W | = 8, and the determinant of the Cartan matrix is c = 2. We fix
a sign homomorphism to σ = σs and take a parameter with coordinates in ω−basis (a, b) and a point
with coordinates in α∨-basis (x, y). Then the Ss−functions are of the following explicit form [11],
ϕσ
s
(a,b)(x, y) =2{cos(2pi((a+ 2b)x− by)) + cos(2pi(ax+ by))
− cos(2pi((a+ 2b)x− (a+ b)y))− cos(2pi(ax− (a+ b)y))}.
Fixing both admissible shifts to the non-zero values from Table 1, the grid F σ
s
M (%, %
∨) is of the form
F σ
s
M (%, %
∨) =
{
u1 +
1
2
M
ω∨1 +
u2
M
ω∨2 | u1, u2 ∈ Z≥0, u0 ∈ N, u0 + 2u1 + u2 = M
}
(77)
and the grid Λσ
s
M (%, %
∨) is of the form
Λσ
s
M (%, %
∨) =
{
t1ω1 +
(
t2 +
1
2
)
ω2 | t0, t2 ∈ Z≥0, t1 ∈ N, t0 + t1 + 2t2 = M
}
. (78)
For calculation of the coefficients ε(x), h∨M (b), which appear in (74) and (75), a straightforward gen-
eralization of the calculation procedure, described in §3.7 in [13], is used. Each point a ∈ F σsM (%, %∨)
and each label b ∈ ΛσsM (%, %∨) are assigned the coordinates u0, u1, u2 and t0, t1, t2 from (77) and (78),
respectively, and the triples which enter the algorithm in [13] are [u0, u1 +
1
2 , u2] and [t0, t1, t2 +
1
2 ]. Thus,
the values ε(a) of the point represented by u0, u1, u2 are ε(a) = 8 if u2 6= 0 and ε(a) = 4 if u2 = 0. The
values h∨M (b) of the point represented by t0, t1, t2 are h
∨
M (b) = 1 if t0 6= 0 and h∨M (b) = 2 if t0 = 0 and
therefore the relations orthogonality (75) are of the form
〈ϕσsb , ϕσ
s
b′ 〉FσsM (%,%∨) = 16M
2h∨M (b) δb,b′ .
4.2. Discrete trigonometric transforms.
Similarly to ordinary Fourier analysis, interpolating functions IσM (%, %
∨)
IσM (%, %
∨)(a) =
∑
b∈ΛσM (%,%∨)
cσbϕ
σ
b (a), a ∈ Rn (79)
are given in terms of expansion functions ϕσb and unknown expansion coefficients c
σ
b . For some function
f sampled on the grid F σ
s
M (%, %
∨), the interpolation of f consists of finding the coefficients cσb in the
interpolating functions (79) such that it coincides with IσM (%, %
∨) at all gridpoints, i.e.
IσM (%, %
∨)(a) =f(a), a ∈ F σM (%, %∨).
The coefficients cσb are due to Theorem 3.4 uniquely determined via the standard methods of calculation
of Fourier coefficients
cσb =
〈f, ϕσb 〉FσM (%,%∨)
〈ϕσb , ϕσb 〉FσM (%,%∨)
= (c |W |Mnh∨M (b))−1
∑
a∈FσM (%,%∨)
ε(a)f(a)ϕσb (a) (80)
and the corresponding Plancherel formulas are of the form∑
a∈FσM (%,%∨)
ε(a) |f(a)|2 =c |W |Mn
∑
b∈ΛσM (%,%∨)
h∨M (b)|cσb |2.
5. Concluding Remarks
• The discrete orthogonality relations of the orbit functions in Theorem 4.1 and the corresponding
discrete transforms (80) contain as a special case a compact formulation of the previous results
— definition (66) corresponds for zero shifts to the definitions of the four sets FM , F˜M , F
s
M , F
l
M
in [11, 13] and the same holds for the sets of weights. Except for Theorem 3.4, the proofs are
also developed in a uniform form. However, the approach to the proof of Theorem 3.4, which
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states the crucial fact of the completeness of the obtained sets of functions, still relies on the
case by case analysis of the numbers of points which is done for trivial shifts in [11,13].
• To any complex function f , defined on F σ(%), is by relations (79) and (80) assigned a functional
series {IσM (%, %∨)}∞M=1. Existence of conditions for convergence of these functional series together
with an estimate of the interpolation error
∫ |f − IσM (%, %∨)|2 poses an open problem.
• The four standard discrete cosine transforms DCT–I,..., DCT–IV and the four sine transforms
DST–I,..., DST–IV from [5] are included as a special cases of (80) corresponding to the algebra
A1 with its two sign homomorphisms and two admissible shifts. The case of C2 appears to
have exceptionally rich outcome of the shifted transforms — the twelve new transforms will be
detailed in a separated article. Note that Chebyshev polynomials of one variable of the third
and fourth kinds [22] are induced using the dual admissible shifts of A1. This indicates that
similar families of orthogonal polynomials might be generated for higher-rank cases.
• Since the four types of orbit functions generate special cases of Macdonald polynomials, it can
be expected that the orthogonality relations (75), parametrized by two independent admissible
shifts, will translate into a generalization of discrete polynomial orthogonality relations from [8].
The most ubiquitous of the four types of orbit functions is the family of ϕσ
e−functions — these
antisymmetric orbit functions are constituents of the Weyl character formula and generate Schur
polynomials. Their discrete orthogonality, discussed e. g. in [7, 16, 17], is also generalized for
the admissible cases. Discrete orthogonality relations induce the possibility of deriving so called
cubatures formulas [24], which evaluate exactly multidimensional integrals of polynomials of a
certain degree, and generates polynomial interpolation methods [25]. Especially in the case of
C2 cubature formulas, which are developed in [26], several new such formulas may be expected.
• Another family of special functions, which can be investigated for having similar shifting prop-
erties, is the set of so called E−functions [14, 21]. In this case, the condition (19) needs to be
weakened to the even subgroup of W only and can be expected to produce discrete Fourier
analysis on new types of grids; indeed this requirement is trivial for the case of A1 and even
allows an arbitrary shift.
• A natural question arises if the restriction (19) could be weakened to obtain even richer outcome
of the shifted transforms for the present case. For the analysis on the dual weights grid P∨ this,
however, does not seem to be straightforwardly possible — condition of W−invariance (19) is
equivalent to the existence of the shift homomorphism (35), which enters the definitions of the
fundamental domain. By inducing sign changes the shift homomorphism controls the boundary
conditions on the affine boundary of the fundamental domain and allows to evaluate expression
(76). Thus, the approach in the present work may serve as a starting point for further research
on developing the discrete Fourier analysis of orbit functions on different types of grids.
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